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Quantum Rabi model (QRM) is widely used for the analysis of the radiation-matter interaction at
the fundamental level in cavity quantum electrodynamics. Typically the QRM Hamiltonian includes
only p · A term, however, the complete nonrelativistic Hamiltonian of quantum electrodynamics
includes A2 term as well. Here we find an exact solution and demonstrate with the help of the exact
canonical transformations that the QRM Hamiltonian with the A2 term (QRMA) is reduced to
the standard QRM model Hamiltonian with the renormalized frequency and the coupling constant
and the eigenstates are expressed through the squeezed states of the field. As a result, the A2 term
qualitatively changes the behavior of the QRM with purely electromagnetic interaction in the strong
coupling regime: the value of the ground state energy of an atom inside the cavity is higher than in
vacuum and the number of crossing of energy levels with different quantum numbers decreases.
After preparing the work for publication the au-
thors became aware of the recent work [1] where
the derivation of the Hamiltonian of a two level
system is provided and was shown that the trun-
cation of the atomic Hilbert space to the two lev-
els leads to an incorrect Hamiltonian with the A2
term (2).
As a result all conclusions of our manuscript
are based on the form of the Hamiltonian (2),
which does not describe a two level system. If
by some other means the Hamiltonian (2) can be
engineered, e.g. in a cold atoms system or by any
other mean, the conclusions will be valid for that
system.
The easiest way to demonstrate the equivalence
of the Hamiltonian of a two level system with the
A2 term and the Hamiltonian with the E · r is
provided in the Ref. [2] Eqs. (5.1.12-5.1.17).
Concluding, the Hamiltonian of the two level
system with the A2 term in the dipole approxima-
tion is equivalent to the following Hamiltonian
H =
p2
2m0
+ V(r)− e0E · r. (1)
Quantum Rabi model describes the interaction of a
two level atom with a single-mode quantum field in a
cavity [3, 4]. This model plays fundamental role in the
radiation-matter interaction in cavity quantum electro-
dynamics [5–7], quantum optics [8], quantum information
[9] and physics of condensed matter [10]. In addition, it
was recently demonstrated [11] that the QRM is an ex-
actly integrable system and the problem of determining
its spectrum of stationary states is reduced to the numer-
ical solution of many-term recurrent relations. Further-
more, many approximate methods were developed for the
description of QRM, among which, the most widely used
is the rotating wave approximation (RWA) applicable for
small values of the detuning of the field frequency from
the resonant atomic transition and small values of the
coupling constant f of the atom-field interaction. The
RWA approximation is based on the exact solution of the
Schrödinger equation with the Jaymes-Cummings Hamil-
tonian [12].
Presently there exist systems (ion bound to the cav-
ity [13, 14], super-conducting qubit [15–17], polaritons
[18]) that provide the strong interaction [19–23] between
an atom and the field, which corresponds to the situa-
tion when the dimensionless coupling constant f of the
atom-field interaction in QRM reaches values of the order
of unity [24–26]. This motivates both experimental and
theoretical investigations of physical effects appearing in
this fully quantum regime [6, 24, 27–31].
In its conventional form the QRM includes only p · A
term in the Hamiltonian. However, the exact Hamilto-
nian of nonrelativistic quantum electrodynamics includes
the A2 term as well. Consequently, the question arises
how the system behaviour in the strong-coupling regime
is modified by the inclusion of A2 term in the Hamilto-
nian of the QRM, i.e QRM with the A2 (QRMA). In this
letter we employ the exact canonical transformations of
the field variables and demonstrate that the Hamiltonian
of QRMA is reduced to the standard QRM Hamiltonian
with the renormalized frequency Ω =
√
1 + af2, the cou-
pling constant f˜ = f/(1 + af2)1/4 with a > 0 and a
constant energy shift. The appearance of the constant
energy shift together with the form of the renormalized
coupling constant f˜ qualitatively modify the system’s be-
havior and allow effectively the description of QRMA
within the RWA with rather high accuracy (see below).
We point out here that a similar situation arises for the
Dicke model [32, 33] and a harmonic oscillator interact-
ing with a quantum field [34] where the inclusion of the
A2 changes the behavior of the system.
In order to perform the canonical transformations of
ar
X
iv
:2
00
2.
03
70
2v
2 
 [q
ua
nt-
ph
]  
18
 Fe
b 2
02
0
2the field variables and demonstrate the reduction of the
QRMA Hamiltonian to the QRM one with the renormal-
ized frequency and the coupling constant we start with
the Hamiltonian of a nonrelativistic atom, which inter-
acts with a single-mode quantum electromagnetic field
[2] Ha = (p − e0A(r))2/2m0 + V(r) + E2(r) − B2(r) in
the dipole approximation. Here e0 and m0 are the elec-
tron charge and mass respectively, V(r) is the binding
potential of an interaction between an electron and a nu-
cleus. If an atom is approximated only with two levels
χ↑, χ↓ and the transition atomic frequency ω↑↓ is almost
coincident with the field frequency ω, ω↑↓ ≈ ω then the
Hamiltonian Ha of an atom is reduced to the Hamiltonian
of the QRMA (Ha ≡ HQRMA), which in the dimensionless
variables ~ = c = 1 reads [2]
HQRMA =
∆
2
σ3 + f(a + a
†)σ1 + a†a + k(a + a†)2, (2)
where f = e0ω∆d
√
2pi/(ω3V ), k = 2pie20/(2m0ω2V ), V
is the volume of a cavity, ∆ = ω↑↓/ω is the resonant
atomic frequency measured in the units of the electro-
magnetic field frequency ω, a and a† are the annihilation
and creation operators of the quantum field, [a, a†] = 1
and d is the dipole matrix element of the transition be-
tween atomic states χ↑ and χ↓.
Let us now introduce a unitary operator
S = exp
(
1
4
(a2 − a†2) ln Ω
)
, S† = S−1 (3)
with a free parameter Ω, which will be determined later.
The operator S transforms the field operators a and a†
as [35]
S†aS =
1
2
[(
1√
Ω
+
√
Ω
)
a +
(
1√
Ω
−
√
Ω
)
a†
]
,
S†a†S =
1
2
[(
1√
Ω
+
√
Ω
)
a† +
(
1√
Ω
−
√
Ω
)
a
]
,
(4)
which corresponds to the introduction of a new vacuum
state |Ω〉 = S|0〉 of an electromagnetic field in a form of
a squeezed state [2].
As a result of the transformation with the squeezed
state operator S the Hamiltonian of the system changes
to
H′ = S†HQRMAS =
∆
2
σ3 +
f√
Ω
(a + a†)σ1 (5)
+
k
Ω
(a2 + a†2 + 2a†a + 1)
+
1
4Ω
[
(1− Ω2)(a2 + a†2)
+ 2(1 + Ω2)a†a + (1− Ω)2
]
.
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Figure 1. (Color online) The energy of the ground state EGS
as a function of the dimensionless coupling f . We compare
the exact numerical solution EES with the rotating wave ap-
proximation ERWA for two cases. The first case corresponds
to the conventional Rabi model with only p · A term, i.e.,
δ = 0 (ERWA). The second case corresponds to the quantum
Rabi model with the A2 term included, i.e., δ = 1 (ERWAR).
The parameter ∆ = 1. The inset describes the dependence of
the ground state energy on the parameter δ and compares the
exact solution and RWAR for the coupling constant f = 0.6.
Now we choose the parameter Ω from the condition
that the quadratic terms of creation and annihilation op-
erators vanish
Ω =
√
1 + 4k (6)
that leads to the transformed Hamiltonian of the QRMA
H′ =
∆
2
σ3 +
f√
Ω
(a + a†)σ1 + Ωa†a +
Ω− 1
2
, (7)
which is indeed the Hamiltonian of the QRM with the
renormalized frequency and the coupling constant. In
addition, there also exists a constant energy shift. This
transformation demonstrates that the QRMA in a full
analogy with the QRM is an exactly integrable system
[11].
Operator H′ depends on the two parameters f and k
that according to the Ref. [32] can not change indepen-
dently of each other if we take into account the Thomas-
Reiche-Kuhn sum rule [36] for the oscillator strengths of
the transitions of an atomic system from a state (a) to
all allowed states (b) with the transition frequency ωba
and the dipole transition matrix element dba
2m0
∑
b
ωba|dba|2 = 1. (8)
Indeed let us consider the quantity f2
f2 =
2pie20
ωV
∆2d2 =
2pie20
2m0ω2V
(2m0ω∆
2d2) (9)
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Figure 2. (Color online) The expectation value of the photon
number operator 〈n〉 = 〈ψGS|a†a|ψGS〉 as a function of the
dimensionless coupling f . We compare the exact numerical
solution 〈n〉ES with the rotating wave approximation 〈n〉RWA
for the two cases. The first case corresponds to the conven-
tional Rabi model with only p · A term, i.e., δ = 0 (〈n〉RWA).
The second case corresponds to the quantum Rabi model with
the A2 term included, i.e., δ = 1 (〈n〉RWAR). The parameter
∆ = 1.
and introduce the relative oscillator strength of the res-
onant atomic transition of the QRM
ω∆d2∑
b ωb↓|db↓|2
≡ 1
δ
, δ ≥ 1. (10)
Here we expressed the transition frequency as ω↑↓ = ω∆.
The sum in the denominator of Eq. (8) contains positive
terms including the term with b =↑ [32]. For this rea-
son, the quantity δ ≥ 1. Then from Eqs (8) and (9) we
find the relation between the parameters f and k of the
Hamiltonian of the QRMA
k =
δ
∆
f2, Ω =
√
1 + 4
δ
∆
f2. (11)
We would like to stress here that the parameter δ ≥ 1,
which has a crucial consequence on the spectrum of the
system. Exactly this condition makes essentially more
difficult for a QRMA with purely electromagnetic in-
teraction to reach the strong coupling regime. Due to
the A2 term the renormalized coupling constant has
a different scaling behavior for large values of f , i.e.,
f˜ = f/
√
Ω ∼ √f .
The spectrum of the QRMA model as in the case of
the QRM model is defined as a solution of a system of
equations
H′|Ψpn〉 = Epn|Ψpn〉,
P|Ψpn〉 = p|Ψpn〉
(12)
where P = σ3 exp(ipia†a) is the operator of a combined
parity with eigenvalues p = ±1 and the quantum number
n = 0, 1, . . . numerates the field states.
The proof that the system of Eqs. (12) is exactly inte-
grable is given in Ref. [11]. In addition, there exists a nu-
merous number of works [24] which construct an approx-
imate solution for the strong coupling regime or provide
the uniform approximation [6, 37–39] for a large range of
variation of the coupling constant. In order to investigate
how the QRMA behavior is modified with respect to the
conventional QRM we will compare the exact numerical
solution [27, 37] of the system of Eqs. (12) with the an-
alytical solution in the framework of the rotating wave
approximation with the renormalized frequency and the
coupling constant (RWAR) [2, 40].
For the RWAR the eigenvalues and eigenvectors are
given by the well known formulas [40]
EGS = −∆
2
+
Ω− 1
2
, |ψGS〉 = χ↓|0〉,
E±n = Ω(n+ 1)−
1
2
±
√
(∆− Ω)2
4
+
f2(n+ 1)
Ω
|ψ±n 〉 = A±nχ↑|n,Ω〉+B±n χ↓|n+ 1,Ω〉,
(13)
where the coefficients A±n and B±n are provided in a sup-
plementary information, |n,Ω〉 = S|n〉 and n = 0, 1, 2, . . ..
We point out that the ground state EGS is obtained sep-
arately from the excited states and can be verified by
acting with H′ on |ψGS〉. Moreover, the excited states
are calculated from the doubly degenerate states of the
noninteracting system.
The exact numerical solution of the system of Eqs. (12)
was performed with the help of the Arnoldi iteration al-
gorithm and in addition by using an iteration scheme
described in [27, 37].
In Fig. 1, 3 we compare the eigenvalues as a function of
a coupling constant obtained in the framework of RWAR
and the exact numerical solution. In Fig. 2 we show the
behavior of the expectation value of the photon number
for the ground state of the QRM as a function of the
coupling constant. When the parameter δ = 0 the ex-
act solution of the system in the strong coupling regime
is drastically different from the RWA, as was expected
and is well know. Consequently, the modification of the
RWA is required as was demonstrated by many works
[24]. However, if we consider QRMA, i.e., QRM with the
A2 term (δ ≥ 1), the RWA with the renormalized fre-
quency correctly describes the observable characteristics
of QRMA for the strong coupling regime. This statement
remains correct not only for the ground state, but also
for the excited states as demonstrated in Fig. 2.
As was demonstrated in Ref. [2] the RWA for QRM is
limited by the values of the coupling constant when the
levels with the same combined parity become degenerate
for different quantum numbers n, i.e., E−n+2(f) = E
−
n (f).
However, for the QRMA due to the renormalization of
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Figure 3. (Color online) The dependence of the energy levels of excited states Epn on the dimensionless coupling constant f .
(Left pane). The comparison of the exact numerical solution EES with the approximate analytical formulas of RWAR ERWAR
for the quantum Rabi model with the A2 term, i.e., δ = 1. (Rigth pane). The comparison of the exact numerical solution EES
with the approximate analytical formulas of RWA ERWA for the quantum Rabi model with only p · A term, i.e., δ = 0. For
both panes the parameter ∆ = 1.
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Figure 4. (Color online) Fourier transform of the inverse population of QRMA as a function of a dimensionless frequency ωn
and a coupling constant f . The parameters of the system are ∆ = 1, δ = 1, 〈n〉 = 2 = 25 and the time interval T = 100.
(Left pane) The exact numerical solution of the QRMA. (Right pane) The RWA with the renormalized frequency and coupling
constant. The inset on both planes represents the time evolution of the system for the value of the coupling constant f = 0.2
the frequency and the coupling constant this degeneracy
becomes important for much larger values of f , which
makes RWA applicable for the whole relevant range of
variation of the coupling constant.
From the analysis of the spectrum we can conclude that
the A2 term qualitatively changes the system behavior.
If δ = 0 the ground state energy of the quantum Rabi
model is lower then the combined energy of an atom and
a field of a noninteracting system. Therefore, if the atom
is placed into the cavity it is more preferable to form a
bound state. In a stark contrast, however, is the situation
when we include the A2 term. In this case the ground
state energy of the QRMA model is larger than the sum
of energies of noninteracting system.
Finally, in Fig. 4 we study the dynamics of the QRMA
model. For this we analyzed the Fourier transform of the
5inverse population W (t). Despite the fact that the RWA
correctly describes the stationary states of the system it
still fails to reproduce the time dynamics. We observe
that with the increase of the coupling constant f the
additional frequencies appear in the spectrum in a par-
ticular manner, namely we start observing the doubling
of frequencies that demonstrates that the system starts
to exhibit a chaotic behavior [37].
A lot of works that study radiation-matter interaction
are devoted to the investigation of the counter rotating
terms in the Hamiltonian of QRM that become important
in the strong coupling regime. However, as demonstrated
in this letter the behavior of the system in the strong
coupling regime is different as was previously thought.
The reason for this drastic change is the A2 term, which
is present in the Hamiltonian of nonrelativistic quantum
electrodynamics but is often ignored in practical appli-
cations. As a consequence, the investigation based on
the complete Hamiltonian of quantum electrodynamics
demonstrates that the QRMA is reduced to the standard
QRM but with the renormalized frequency and the cou-
pling constant of the form ∼ f/(1 + af2)1/4 that scales
as
√
f for large values of f and a constant energy shift.
As a result we observe the qualitative modification of the
behavior of QRMA.
SUPPLEMENTARY INFORMATION
Eigenvalues and eigenvectors in the rotating
wave approximation. The excited energy levels of the
QRM in the framework of the rotating wave approxima-
tion are given by the following formulas [40]
E±n = Ω(n+ 1)−
1
2
±
√
(∆− Ω)2
4
+
4f2(n+ 1)
4Ω
|ψ±n 〉 = A±nχ↑|n,Ω〉+B±n χ↓|n+ 1,Ω〉,
(14)
where n = 0, 1, 2, . . .,
A±n =
1√
1 + (λ±n )2
, B±n = −
λ±n√
1 + (λ±n )2
, (15)
and
λ±n =
(∆− Ω)∓√(∆− Ω)2 + 4f2(n+ 1)/Ω
2f
√
n+ 1/
√
Ω
. (16)
The ground state of QRM should be investigated sep-
arately from the excited states and reads
EGS = −∆
2
+
Ω− 1
2
, |ψGS〉 = χ↓|0,Ω〉. (17)
It can be easily verified by the action of H on |ψGS〉 that
EGS is the eigenvalue.
Numerical solution of the QRM. In order to solve
numerically the QRM we first perform a rotation in the
spin space with the operator
R =
(1 + iσ2)√
2
=
1√
2
(
1 1
−1 1
)
. (18)
With this transformation the Hamiltonian of the system
and the operator of the combined parity transform as
H′′ = R†H′R
=
∆
2
σ1 − f√
Ω
(a + a†)σ3 + Ωa†a +
Ω− 1
2
, (19)
P′′ = R†PR = σ1 exp(ipia†a). (20)
By writing the wave function in matrix form |ψ〉 = (uv),
the operator of the combined parity allows one to ex-
press the lower component via the upper one as v =
p exp(ipia†a)u. After the substitution of v into the matrix
equations we arrive to the Schrödinger equation for the
one component wave function u(
Ωa†a +
Ω− 1
2
+
∆
2
peipia
†a − f√
Ω
(a + a†)
)
u = Eu.
(21)
After this we expand the wave function u in the Har-
monic oscillator basis u =
∑∞
l=0 Cl|l〉 and numerically
diagonalize the matrix
Hkn =
(
Ωn+
Ω− 1
2
+
∆
2
p(−1)n
)
δkn
− f√
Ω
(
√
nδkn−1 +
√
n+ 1δkn+1). (22)
As a result the normalized state vectors of the system
are given by
|ψpn〉 =
∞∑
l=0
Cnpl
1
2
(
(−1)lp+ 1
(−1)lp− 1
)
S|l〉, (23)
where Cnp = {Cnpl } are the normalized eigenvectors of
the matrix Hkn.
The average number of photons. If the QRMA is
prepared in the state with 0 photons, then the average
number of photons in the RWA is given by
〈n〉RWA = 〈ψGS|Sa†aS†|ψGS〉 = (Ω− 1)
2
4Ω
. (24)
The average number of photons for the exact solution
reads
〈n〉ES = (Ω− 1)
2
4Ω
+
Ω2 + 1
2Ω
∑
k
k|Cnpk |2
+
1
4
(
1
Ω
− Ω
)∑
k
√
(k + 1)(k + 2)
× (Cnp∗k Cnpk+2 + Cnp∗k+2Cnpk ). (25)
6The evolution of the QRM. We consider that an
atom in the initial moment of time was in the lower state
χ↓ and the field was prepared in the coherent state with
the amplitude 
|Ψ(0)〉 = χ↓|〉 = χ↓e(a†−a)|0〉 (26)
and will characterize the system dynamics with the in-
verse population [2], which in the RWA is given by the
formula
W (t) =
∞∑
n=0
e−˜
2
˜2n
n!ω2A(n)
(
(∆− Ω)2
+
4f2(n+ 1)
Ω
cos[ωA(n)t]
)
, (27)
where
ωA(n) =
√
(∆− Ω)2 + 4f
2(n+ 1)
Ω
and ˜ = (Ω + 1)/(2
√
Ω).
In order, to obtain the exact numerical solution we
proceed in the following way. The time dependent wave
function is represented as an expansion over stationary
states of the QRM
|Ψ(t)〉 =
∑
np
Anp|ψpn〉e−iE
p
nt, (28)
where the coefficients Anp are determined from the initial
condition (26), i.e.,(
0
1
)
〈k|S†|〉 =
∑
np
AnpC
np
k
1
2
(
(−1)k + 1
(−1)k − 1
)
. (29)
For this we rewrite the system of equations for the coef-
ficients Anp in matrix form
(
A+ A−
)(C+ 0
0 C−
) D ( (−1)k+12 ) D ( (−1)k−12 )
D
(
(−1)k+1+1
2
)
D
(
(−1)k+1−1
2
)
=
(
0 {〈k|S†|〉}) , (30)
where the sign + or − denotes p = +1 and p = −1
correspondingly, A± are the vectors of unknowns of
the size 1 × N , C± are the matrices of eigenvectors
of the size N × N (the first row is the first eigenvec-
tor, the second row in the second one, ...), the notation
D
(
((−1)k + 1)/2) denotes the diagonal matrix, where
the diagonal is formed by the sequence ((−1)k+1)/2 with
k = 0, 1, . . . and {〈k|S†|〉} = {〈0|S†|〉, 〈1|S†|〉, . . .}.
After the coefficients Anp are determined we computed
the wave function of the system
(
A+ A−
)(C+ 0
0 C−
)D (e−iE+n t) 0
0 D
(
e−iE
−
n t
)
×
 D ( (−1)k+12 ) D ( (−1)k−12 )
D
(
(−1)k+1+1
2
)
D
(
(−1)k+1−1
2
)
=
(
ψ+ ψ−
)
. (31)
As a result the density matrix of the atomic system is
determined
ρA = SpF(|Ψ(t)〉〈Ψ(t)|) =
(
ψ†+ ·ψ+ ψ†+ ·ψ−
ψ†− ·ψ+ ψ†− ·ψ−
)
. (32)
Finally, the inverse population is expressed through the
atomic density matrix as
W (t) = Sp(ρAσ3). (33)
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